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» The network N ={I,...,n} is a finite set of agents. We keep track of social
connections by a network !, where !, =1 1f i and j are direct friends, and ! «4
=0, otherwise. Given that friendship is a reciprocal relationship, we set | w =
| . We also set | m =$.

» Preferences Denote by %‘the effort of individual i absent of any peer influence,
and by '~ the peer effort whose returns depend on others’ peer efforts. Each
agent i selects both efforts % > 0 and '« > 0, and obtains a payoff («)* &+ -. ),
that depends on the underlying network ! , in the following way:



1. A Network Model of Peer Effects

1 2 |
u;(y’, z; 8) = 0; \,0 —5 (),O) + 1giZi — —Z,-2 + ¢ Zgijzizj (1)

HSH 6 > 0, 1> 0,990 g = D", gij % %% %% %% & (Y% % %% %% %% %% %%
)'04)(,&2%5%6")*%, +)2)+7%0, 1+)/'%)*%&(()+)4#27%*#BESE. 2H%6) Yo+ "#%) ()/*7
#OO/$+%61/-8/'# +%& (Yo+"HYBHHSYHOOH1+% 1/ +$).,+)/'5%6"H (. J-8I'H+%%%%
)+$/(, L%+ " HOB%" &S ) F"+" $%" & " 1+)8+% 188+ SHEA B

()OOHSH L#* %o #+1##%0) ()4)(,&2%5%9: &-82H#*%/0%*, 1"V H-+HS/ H#'H)+ 7 Y& $HY &
|<*0OB&S$H+*<VoH(, 18I ETH /I I"HSHY" H>HY02) A =Yo& H=Y H#: =% $& 1 #H=%
&' (Y& 2*/%+"HY8AHSE #% 1" & S&1+HS)*+) 1*%6/0%+"#%)' ()4)(, &2 OB +27% 2
&AHDE HYo2HAH2Y60%BESH +& 2V VEDY)P16% BSE5IHR'01) "441B B0



1. A Network Model of Peer Effects
0 (x) = Z Bux!" + — Z Z Y m8ij X} (2)

m=1| mljl

» where x]" is a set of M variables accounting for observable differences in
individual, neighbourhood and school characteristics of individual i, and 5,,, ,
Ym are parameters. The peer-effect component 1s also heterogeneous, and this
endogenous heterogeneity reflects the different locations of individuals 1n the

friendship network g and the resulting effort levels.
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[ o2 1 :
ui(y 7 @) =037 — 5 (07) + ngizi — 55+ ) gijziz; (1)

2

M 1 M n
0i(x) = Z :Bmxim + g_ Z Z Y m8ij x}n’
m=1

" m=I j=I

%u;(y", z; g)
0Z;0Z;

= ¢gij > 0.

L 1" $%&'&YB{+%0&,'&* %" &=,/#  &-+,*+01# &* 2%
[#+5#0-&*6.056&*0" 5#%$5*&*,2* #)),5%H1#'-7

(2)

(3)

[#+&-&,*-30*/ [&-4'0(-



1. A Network Model of Peer Effects

» The Katz—Bonacich network centrality

The Katz—Bonacich centrality measures the importance of a given node in a network.
0<¢ 1s some non-negative scalar. A factor that decays with the distance discounts the
contribution of all these nodes: the value of k—link away nodes is weighted by ¢~ 1.
Given a network g and a scalar ¢, we denote by b(g, @) the vector whose coordinates

correspond to the Katz—Bonacich centralities of all the network nodes.
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The vector of Katz—Bonacich centralities i1s thus:

+00
b(g.¢) = ¢G1+ ¢°G* 1+ ¢’G’1+--- = ) " ¢*G* - (¢G1).
k=0

1 HESORRQNH, -H U #S 0)(L'2+# ) Y('. 1%&%3,'0, "#456 | 78

#5 %&(OS *+,(30$ -$%(+" /8&(012.'8€%,%)%$'(+&3,(,84".33.%45

b(g, ¢) = I—¢G)~' - (¢G1). (4)
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1 2 | .
u;(y’, z; 8) = 0; ) — 5 (}’,Q) + UgiZi — 52,-2 + ¢ ZgijZiZj (1)
=1

3(=+3+," . >?2@HO %" $2*(+#" 4$11$%+25* )"'AL: A0H&*+$18)"(&' | B?C.CH

P (X) = 60; (x) = Zﬁmx + — ZZymgu (5)

m=1 mljl

(@ =ngi+é) gz (6)

j=I
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w \,—/
idiosyncratic peer effect

?2.$%"#2$=96210:$=HS<*. $1#<%)&Y00#S* 11 ('(4#+6S(. L(A(L/*+$5#" *4(%/2$(.'%$*.$
# %-#.9/0$8*2'$*. 1$* . $#. 1%-#.%/0FBIZR< $<%) 8% #.'$ "+ $1#8#.10$%.$"#$
(L(A(L/+$]. 1#2$<%.0(1#2* (%.A$
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Condition ¢w(g) < 1 in Proposition 1 requires that the parameter for own-concavity 1 (i.e.
' 2)2u,-

>-|) 18 high enough to counter the payoff complementarity, measured by ¢w(g) in order to

E)zi
prevent the positive feed-back loops triggered by such complementarities to escalate without
a2...
bound. The scalar ¢ measures the level of positive cross effects (i.e. ‘ait;é ). whereas w(g)
L1 C J

captures the population-wide pattern of these positive cross effects.
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Descriptive statistics on selected variables

! !"#$%&I (#)*%$+ ’ - . Mean  Standard  Minimum  Maximum
T O)HL* BB S&*+-HHEDYo+HHI A +(SH"

1 %N 0 15! 8’;(__ " "y )* Female 0-41 0-35 0 1
5$ + 3 #$ /O&' 3 2 1 +$ 80 Black or African American 0-17 0-31 0 1
+-*3#9%5*621$*2%&*3#9$*3$621%":; e e . o
"SR LH FG<H + S SEY+, +3 HEIp e S L
H3* 2431 $2'+*-U$H-3*+($*+, - *HY QHOH QDD Dlianc s 186 :
Student grade 9.27 3-11 7 12
(2'*#& Oo+#3# &*+( *-+( "*2'*(#':( "* By 4 in education 223 088 I 4
$ $ $ $ $ 5R%tionship with teachers 0-12 0-34 0 1
3"#P%&: Social exclusion 226 181 ! 5
School attachment 2-59 1-76 1 5
Parental care 0-69 0-34 0 1
1

! >&_O72+#-%2 1*27(#$9$6$%+ Household size 3-52 1.71 | 6
Two married parent family 0-41 0-57 0 1
" ?2%@#%@*3"-6*A*-"*1',$"*+'*BC*+($§I§;!C parent family 8?: 8_112 8 :

ublic assistance 12 .
(# @ ($'+*@ "2&ETSRBE&EG:: Mother working 0-65 047 0 1
’ Parental education 3-69 2-06 1 5
* Parent age 40-12 13-88 33 75
! H 26) 1$ Parent occupation manager 0-11 0-13 0 1
" * % 1, 1 * My % Parent occupation office or sales worker 0-26 0-29 0 1
EECIJG )O)#l &'# + #50+$&' _9$ E” Parent occupation manual 0-21 0-32 0 1
%$+ o, Neighbourhood quality 2-99 2-02 1 B
) " Friend attachment 0-49 0-54 0 1
Physical development 3-14 2-55 1 5
Self esteem 3-93 1-33 1 6
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FIGURE 1

The empirical distribution of adolescent networks

107

FIGURE 2

Smallest network of adolescents (n = 16)
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m=1 m=1 j=I1

n,

Eix = U&ix T ¢Zgij_k-8j_k- + v, i=1,...nik=1, ..., K,
j=1
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Proposition 2. Suppose that pw(g) < 1 and pu # 0. Peer effects are identified if and only
2 2
ifgll-'l/g,- # glj"'/gj for at least two agents i and |.



3. Empirical Strategy and Identification of Peer Effects

3.2 identification of peer effects

» The role of specific controls
v" find proxies for typically unobserved individual characteristics that may be correlated
with our variable of interest.
v Therefore, we deal with unobservable individual characteristics correlated with the
Katz—Bonacich measure that may cause education outcomes not directly caused by the
centrality measure.

» Estimation strategy

v' First, we estimate our empirical model defined by equation (9) for each network in our
dataset.

v' Second, for each network g, , we calculate its largest eigenvalue w(gy) and check
which network does not satisfy the condition @« < 1/®(gy).

v' Estimate model (9) by running a pseudo-panel data estimation (i.e. using both within
and between-network variations), thus obtaining an average estimate of ¢ and p in our
dataset.
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Model (9): Maximum Likelihood estimation results
Dependent variable: school performance index

Undirected networks Directed networks

Number of best friends (1) 0-0314** 0-0323**
(0-0149) (0-0152)
Peer effects (¢) 0-5667*** 0-5505***
(0-1433) (0-1247)
Individual socio-demographic variables yes yes
Family background variables yes yes
Protective factors yes yes
Residential neighbourhood variables yes yes
Contextual effects yes yes
School-fixed effects yes yes
R? 0.8987 0.8905

| "% 0%1.%2422-23 789"/ 5%,5),%0%'1: 0"#.#,0"%(#0"-.
<96,)# #=)%0->20@"'5" H#1-0#/ 10%0'/0'5841'3'5% 15860 "#CD H<HE

6!1"# %I//-5'%0#Q0#/0



4. Empirical Results And Discussion
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4. Empirical Results And Discussion

» The condition pw(g) < 1 is needed for:
v' Characterizing the Nash equilibrium in terms of the Katz—Bonacich centrality
measure
v" The existence and uniqueness of the equilibrium as well as for the interiority of the
solution.

» Relax the condition @m(g) < 1 and bound the strategy space by simply acknowledging
the fact that students have a time constraint and allocate their time between leisure and
school work.

v The empirical model is exactly the same with the only difference that we now run
the regression on all the 199 networks and not on 181 networks.

v" When we run such a regression, we obtained that the estimated values of p and ¢ are
now respectively given by 0-0301 (with a standard error of 0-0140) and 0-5352
(with a standard error of 0-1366).



5. Alternative Formulation

> 1"#'$%%$"8&%0'( )*$+'$"&’,

v )--&.9$, ,+/%.%$+($&P0&/%.$1! . %'( #
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"("5"(:%4 83%.%8%+.",$"8,

v B&,"$"5H+. +--+8%

O B++2&."+'$+(+--&.8B%'(+3$.%088# ,83&&4& . $8&#+,

g = 3™+ @ i = 3m - @
—— —— — —_——’
idiosyncratic  peer effect idiosyncratic ~ peer effect
* _ ”'U“ * — 24
yi (%, 8) =0 (x)+ gbi (g ¢) yi (X, 8) =0 (X) — 5bi (8 @)

OC"--+.+'8+4"+ &' $3+"<' &-D
| E5+.%<+ $"#%$&-D1B&,"$"5+<" F
1 G+/%.%%$5"#%&-DIH  &-$3++$0&.6 3%5+H<%$"5B
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» Results
. . TABLE 4
D InSIgnlﬁcant Explanatory power of different unit centrality measures
dIn terms of standard deviation: 2.1% Dependent variable: school performance index
OLS OLS OLS
Degree centrality 0-2508* E -
(0-1475)
Closeness centrality - 0-2892 -
(0-2599)
Betweenness centrality - - 0-0621
(0-0698)
» Explanation
O Unique Nash equilibrium linear quadratic utility function Katz-Bonacich

centrality
It maps topology to equilibrium behavior—behavioral foundation

] Alternative measures: Parameter-free network indices
Katz-Bonacich centrality: Depending on "#"$"%&and #"( '))*! +!(',%!- ./ O.



7. Directed Networks

» Assumption: Relationships are reciprocal &ij«x = &ji.x
O Truth: 14% relationships are not reciprocal.

> Differences

0 Adjacency Matrix G turns to asymmetric.
Ow(g) defined as spectral radius rather than largest eigenvalue ¢CU( g ) <1

» Results
OThe estimated effect is still statistically significant

OSlightly lower in magnitude(5.6 vs 7%)
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# <"()&%:

1 -
0.9 1
0.8 1
0.7
0.6
0.5 A
0.4
0.3
0.2
0.1 1

0

Density

007 015 023 033 048 059 064 0.78 0.89 0.99
Local interactions
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9. Concluding Remarks

» Conclusion
v The peer effects game has a unique Nash equilibrium where each agent strategy is
proportional to Katz-Bonacich centrality measure.
v" The individual’s position in a network is a key dominant of his level of activity.

v 1 vs 7% standard deviation.

» Extension
v' Linear-quadratic utility functions.

v" Consider average effort of peer effect rather than aggregate efforts.

v" Other outcomes than education could be studied.
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