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1. �þ!�þ�m!SÈÚ�ê 1.1 Ä�Vg

�þ xµ:�I

�þ£vector¤µx ∈ RN ´ N �¢ê�m¥�:�I"

��·�¦^��þµ

x =


x1

x2
...

xN


=�£transpose¤���1�þµ

xT = (x1, x2, . . . , xN )

�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£1Êù¤ 3 / 34



1. �þ!�þ�m!SÈÚ�ê 1.1 Ä�Vg

�þ�m Vµ½Â
\{ÚXþ¦{�¢�m

I é�þ x, y ∈ RN Ú¢ê a ∈ R §½Â�þ�\{ÚXþ¦{µ

z = x+y, zi = xi+yi z = ax, zi = axi

I �þ�m£Vector space§q¡�5�m Linear space¤´é�þ\{Ú

Xþ¦{µ4�¢�m�f8§=µ

I V ⊂ RN

I é ∀x, y ∈ V, a ∈ R§k x+ y ∈ V!ax ∈ V
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1. �þ!�þ�m!SÈÚ�ê 1.1 Ä�Vg

SÈÚ�ê

I éu x, y ∈ V§½ÂSÈ£inner product§�¡:È dot product¤§~Xo|

ÑÒ´d��þÚ�¤�þ�SÈµ

C = p · c = pT c =
∑N

i=1
pici

I �ê£norm¤µ�þ��Ý£length¤§½:��:�ål£distance¤"

I î¼�ê£Euclidean norm¤µ

‖x‖ =
√
x · x =

(
n∑
i=1

x2i

)1/2

I p �ê£p-norm¤µ

‖x‖p =

(
n∑
i=1

|xi|p
)1/p
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1. �þ!�þ�m!SÈÚ�ê 1.2 A^µ�êÚàa

Äuî¼ål�àa©Û

I àa©Û£clustering¤´3��êâ8

¥Ïéf+½a�Eâ"

I Kþ�àa£K-means Clustering¤´ò

*ÿy©�¯k5½� K �a¥§¦a

S�É¦�U�"úª�µ

min

K∑
k=1

W (Ck) =
1

|Ck|
∑

u,v∈Ck

‖xu − xv‖

Ù¥ ‖·‖ �îAp�ål§|Ck| �1 k

a¤�¹���ê"

SourceµG. James, D. Vitten, T. Hastie, R.

Tibshirani(2015)
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https://www.zybuluo.com/fanxy/note/331931


2. Ý
 2.1 Ä�Vg

Ý
µ½Â

N ×K �Ý
 X P�µ

XN×K =


x11 · · · x1K

...
. . .

...

xN1 · · · xNK


éu��k N ���!K �Cþ�êâ8 X§·��±òÙÀ� RK �

�m¥� N �:§z�1�þÑ´:��I¶½ö RN ��m¥� K �:§

z���þ�:��I"

XN×K=


X̃1

...

X̃N

 = [X1 ... XK ]
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2. Ý
 2.1 Ä�Vg

Ý
��þ�¦{

I Ý
 XN×K m¦��þ βK×1§�����þ yN×1 ´ X ���þ��

5|Üµ

y = Xβ =

K∑
k=1

Xkβk

I 1�þ α̃1×N �¦Ý
 XN×K§���1�þ z1×K ´ X �1�þ��

5|Üµ

z = α̃X =

N∑
i=1

αiX̃i

Ïd XN×K ��¡�ØÓ�Ý��5�m�m�=�Ý
µ

Xβ : RK → RN

α̃X : RN → RK
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2. Ý
 2.1 Ä�Vg

AÏÝ


I ü 
µ

I =


1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1


I é¡�
µ

A = AT ⇔ aij = aji

I �_
µXJéu�
 A Ú B eª¤á§K A Ú B p�_Ý
"

AB = BA = I ⇔ B = A−1, A = B−1
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2. Ý
 2.2 A^µ)�§|ÚÝ\-�Ñ©Û

¦)�5�§|µ¹Â�½n

I ¦)�5�§| Ax = bµ

I ò b L«�Ý
 AN×K � K ���þ��5|Ü¶

I ÏéÝ
 AN×K � N �1�þ¤L«��²¡��: xµ

I )��½½nµ

I rank (A) < K �kÃ¡õ)£under-determined¤¶

I rank (A) = K = N �§k��)£just-determined¤§x = A−1b¶

I rank (A) = K < N �Ã)£over-determined¤§A ��
�Ø�_"

�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£1Êù¤ 10 / 34



2. Ý
 2.2 A^µ)�§|ÚÝ\-�Ñ©Û

¦)�5�§|µêx Ì

b½ÚE�n« ¬z100�¤¹�E�¤©§±9zUA�\�oE�

¤©XeL¤«µ

ø�ÚE �Î® Z� A�\

�x� 36 51 13 33

%YzÜÔ 52 34 74 45

�� 0 7 1.1 3

��½�°èx Ì§�Ñn« ¬�Ó'"
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2. Ý
 2.2 A^µ)�§|ÚÝ\-�Ñ©Û

Ý\-�ÑLµ²L�µ

20­V30c�{I²LÆ[�Üp#�[QÅ£W.Leontief¤3c<'u

²L¹Ä�p���ïÄÄ:þJÑ
Ý\-�ÑL£Input-Output Table¤�

©Ûµe§1936cuL
/{I²L�Ý¥Ý\�Ñêþ'X0�©§1953 c

�¦<Ü�Ñ�
5{I²L(�ïÄ6�Ö§1973c¼�ì��²LÆø"
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2. Ý
 2.2 A^µ)�§|ÚÝ\-�Ñ©Û

Ý\-�ÑL£Input-Output Table¤µêÆLã

I xijµ1 i �Ü�é1 j �Ü��¥mÝ\

I Aµ���ÑÝ
§�� aij =
xij
xj

I diµ1 i �Ü���ªI¦§�u|Ñ{Ø��GDP

I vjµ1 j �Ü���ªÝ\§�uÂ\{Ø��GDP

I xiµ1 i �Ü��o�Ñ£oI¦¤§�uoÝ\£oø�¤
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2. Ý
 2.2 A^µ)�§|ÚÝ\-�Ñ©Û

Ý\-�ÑLµ¦)úª

I ¥mI¦+�ªI¦=o�Ñµ

Ax+ d = x⇔ x = (I −A)−1d

I ¥mÝ\+�ªÝ\=oÝ\µ

Dx+ v = x⇔ x = (I −D)−1v

D =



N∑
i=1

ai1 0 · · · 0

0
N∑
i=1

ai2 · · · 0

...
...

. . .
...

0 0 · · ·
N∑
i=1

aiN


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2. Ý
 2.2 A^µ)�§|ÚÝ\-�Ñ©Û

Ý\-�ÑLµ©Û«~

1��� 1��� 1n�� �ªI¦ o�Ñ

1��� 15 20 30 35 100

1��� 30 10 45 115 200

1n�� 20 60 0 70 150

I u��ªI¦Úo�Ñ�m�'Xúª¶

I b½Ý\�Ñ'XØC§��ªI¦C� (100, 200, 300) �ü �§o�

Ñ�uõ�º
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3. A��ÚA��þ 3.1 Ä�Vg

A��ÚA��þ

éu N ��
 A§XJ�3~ê λ Ú�"�þ x§¦� Ax = λx £½

x̃A = λx̃¤§K¡ λ ´ A �A��£eigen value¤§x£½ x̃¤´éAu λ �

m£½�¤A��þ£eigen vector¤"

±���
 M �~µ

I A��´�
�:¤3�ý

���¶Úá¶¶

I A��þ´²LÙ�5C�

�§��ØC!�Ý� �

�þ"
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3. A��ÚA��þ 3.2 A^µCz¥�­�

VÇ=£Ý
Ú²­©Ù

I XJ�ÅCþ zt l t ���G� Zi C� t+ 1 ���G� Zj �VÇ��mÃ

'§K�±^VÇ=£Ý
 P = [pij ] �x§�Cz5Æ§Ù¥��µ

pij = P (zt+1 = Zj |zt = Zi)

pij ≥ 0,
n∑
j=1

pij = 1

I éu½Â3 Z þ�VÇ©Ù π = (π1, π2...πN )§XJ π = πP§K π � zt �²

­©Ù"w,§π ´ P �A��1¤éA��A��þ"

I l,�Ð©©Ù π0 =
(
π0
1 , π

0
2 ...π

0
N

)
Ñu§k πt+1 = πtP = π0P t"XJ

lim
t→∞

πt = π∗ �3§K¡ π∗ � zt �4�©Ù"XJ π∗ � π0 Ã'§K¡Tê¼

ó´H{�£ergodic¤"XJ ∀i, j, pij > 0 §K zt H{²­§� π∗ = P̃ ∗i µ

lim
t→∞

P t = P ∗ =


π1 π2 ... πN

... ... ... ...

π1 π2 ... πN


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3. A��ÚA��þ 3.2 A^µCz¥�­�

­�<�©Ù

David C. LayÍµ5�5�ê9ÙA^£�Ö13�¤6§4���È§Å�ó�Ñ��§2005

I �âþã�Ñ<�[£�=£Ý
"

I ´Ä�3<�©Ù�­�º

I XJýO�5o<��1000�§�¯Ø43¢½Úà~��Óõ�º
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3. A��ÚA��þ 3.2 A^µCz¥�­�

�����©�§�)�²­5^�

yt �Ä�L§�±Lã������©�§£Ù¥ εt*N
(
0, σ2

)
, y0 = µ+ ε0¤µ

yt = µ+ φyt−1 + εt = µ

t∑
s=0

φs +
t∑

s=0

φsεt−s

du ∂yt
∂ε0

= φt§��m t→∞ �§yt �²­5¿�X�Ï��ÅÀÂK�k�§
ù�du |φ| < 1" ÄK φ > 1 � yt ¬üNuÑ§φ < −1 �¬��uÑ"

~X3 Solow-Swan �.¥§��I[�]�

È\�±Lã���5�����©�§µ

Kt+1 = (1− δ)Kt + sYt = (1− δ)Kt + sAKα
t

�½ëê δ = 0.05, s = 0.4, A = 1, α = 0.3§

mãÐ«
 K0 = 1 Ú K0 = 5 ü«�¹e]�

Kt �Ä�ü?L§"
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3. A��ÚA��þ 3.2 A^µCz¥�­�

õ����©�§|�)�²­5^�

��p��©�§ yt = µ+ φ1yt−1 + φ2yt−2...+ φpyt−p + εt �±^ü�O���

{U��õ����©�§| Yt = µ̃+ ΦYt−1 + ε̃tµ
yt

yt−1

...

yt−p+1

 =


µ

0

...

0

+


φ1 φ2 · · · φp

1 0 · · · 0

...
. . .

. . .
...

0 · · · 1 0




yt−1

yt−2

...

yt−p

+


εt

0

...

0


þã�§|��±�� (I − ΦL)Yt = µ̃+ ε̃t§�âÇ��î(1999)§� Φ �¤kA

����Ñ�u1 £|λi| < 1, (i = 1, 2...p)¤�§�§|�)�µ

Yt = (I − ΦL)−1 (µ̃+ ε̃t)

Ù¥ (I − ΦL)−1 = I + ΦL+ (ΦL)2 + ... =
+∞∑
j=0

(ΦL)j"
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3. A��ÚA��þ 3.2 A^µCz¥�­�

üÜ�÷*²L�.

b½��I[�÷*²L�±Lã�e¡��©�§|µ

Yt = Ct + It

Ct = C0 + cYt−1

It = I0 + β (Ct − Ct−1)

I �òþã�.U���¤ÚÝ]������©�§|¶

I XJ c = 0.9, β = 0.5§TI�÷*²L´Ä­½º

I bX C0 = 100, I0 = 1000§�¯TI�Ï�­��Ñ!�¤ÚÝ]

©O�õ�º

�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£1Êù¤ 21 / 34



4. c÷A^µ�ä²LÆ 4.1 Ã?Ø�ä

�¬Æ¥�'X�ä

ã¡5
µBarabasi(2013)"

�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£1Êù¤ 22 / 34



4. c÷A^µ�ä²LÆ 4.1 Ã?Ø�ä

��DÚ²LÆ1

I DÚ²LÆ@�µ

I 1�<´]¶�£anonymous agents¤�¶

I 1�<38¥½|£centralized markets¤¥�´"

I 
¯¢þµ

I �´ö��°£identity¤é­�¶

I �´ö�m�pÄ£interaction¤éu&ED4Ú�´(Jk­�K

�"

I DÚ²LÆ¤�Ñ��´�ä²LÆïÄ�­:"
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4. c÷A^µ�ä²LÆ 4.1 Ã?Ø�ä

�ä�åþµýÿH1N1�DÂ

5µBarabasi(2013)"
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4. c÷A^µ�ä²LÆ 4.1 Ã?Ø�ä

�ä�åþµÕ1mK]�ä�7K�Å

ã¡5
µSchweitzer et al.(2009, Science)"
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4. c÷A^µ�ä²LÆ 4.1 Ã?Ø�ä

�ä�åþµI[m/��ä�îÅ�Å

ã¡5
µBarabasi(2013)"
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4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


�ä�êÆL«µãÚÝ


I xZd�Ôx¯Kµ

I ^Ý
£ããµ

N = {1, 2, 3, 4} g =


0 2 2 1

2 0 0 1

2 0 0 1

1 1 1 0


I �ä£network¤Úã£graph¤G = (N, g) �Ä���µ

I !:£nodes¤µ8ÜN = {1, 2, ...N}§�1�<½|�"
I ë�£links¤µ��Ý
 g = [gij ]i,j∈N §L«�!:�m�'X"
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http://en.wikipedia.org/wiki/Seven_Bridges_of_K?nigsberg


4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


~^ÚO�IµÝ

I Ý£degree§di¤µ�!:�'é�>ê§k�ã¥©�\Ý

£in-degree§dinj =
N∑
i=1

gij¤ÚÑÝ£out-degree§douti =
N∑
j=1

gij¤¶

I ²þÝ£average degree¤§〈d〉 = 1
N

∑N
i=1 diµéuÃ�ã〈d〉 = 2L

N§

éuk�ã
〈
din
〉

=
〈
dout

〉
= L

N"
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4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


ý¢�äµ²(ÚÍÝ

ã¡5
µAdamic(2013)��"
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4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


~^ÚO�Iµ�»�ål

I �»£diameter§lmax = max {lij}¤µ�ä¥?¿ü�!:�m

���ål"ØëÏ��ä�»Ã¡�"

I ²þål£average distance§〈l〉 =
2
∑
j 6=i lij

N(N−1) ¤§éuØëÏ��

ä§�±½Â���ëÏ©þ²þål�\�²þ"
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4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


ý¢�äµ8Ý©�

>K5Six Degrees of Separation6µØ+´{IoÚ�´%Zd�EÅ§��

é��(�5�<§·�ÒUéXå5"

5µ�ã�Travers and Milgram(1969)Á�¥¤õò&x�8I<Ô�´��Ý©Ùã§mã��^MSN�¥¹�^r�

�ål©Ùã§üãþ5gEasley and Kleinberg(2010)"
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4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


~^ÚO�Iµ¥%5

I Ý¥%5£degree centrality¤µ!:3�ä¥�ë�§Ý§X�ä¶<

Cedi =
di

N − 1

I �C¥%5£closeness centrality¤µ!:-�Ù¦!:�J´Ý§Xl%DÂö

Ceci =
N − 1∑
j 6=i lij

I ¥0¥%5£betweenness centrality¤µ!:3ë�Ù¦!:�¡�­�5§

Xª.öÚ�+xù£Ù¥P (kj)´kÚj�m�á´»��ê§Pi (kj) ´i uõ

�^ù���á´»þ¤µ

Cebi =
∑

k 6=j,i/∈(k,j)

Pi (kj)/P (kj)

(N − 1) (N − 2)/2

I A��þ¥%5£eigenvector centrality¤µ!:kõ�­���Ø§X��Ì�

Ú4��Q£Ù¥λ ´��Ý
g ���A��¤µ

λCeei =
∑

j
gijCe

e
j
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4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


ý¢�äµ{1Û[x�Çå

£�15­VÃÛÔi[x��£/ ¯K§lãLoþ5wMediciØ

XStrozzi£ã¥!:���L«ãLY²¤§�´{1Û[x��o�ª¬Ç

åQº

5µ15­VÃÛÔi�´Ó�äã§�âWasserman and Faust(1994)êâ§^Pajek±�"
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4. c÷A^µ�ä²LÆ 4.2 �ä�Ý


ý¢�äµGoogle�{�

Wiki: The PageRank values are the entries of the dominant right

eigenvector of the modified adjacency matrix.
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https://en.wikipedia.org/wiki/PageRank
https://en.wikipedia.org/wiki/PageRank
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