
18ù OþÚOÆ

�%�

E��Æ²LÆ�

�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£18ù¤ 1 / 37



�ùÌ�SN

1. �ÆïÄÚ¢y©Û
1.1 �o´�Æº

1.2 ¢y©Ûl"b�m©

2. VÇÚOÄ:
2.1 �o´VÇº

2.2 �ÅCþ�êiA�

2.3 �ê½ÆÚ¥%4�½n

3. ÚOíä
3.1 �o´ÚOÆº

3.2 ���ÚOþ

3.3 b�u�

4. ²LA^
4.1 ð��x

4.2 ]�ÂÃÇ

�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£18ù¤ 2 / 37



1. �ÆïÄÚ¢y©Û 1.1 �o´�Æº

l(½��Åµ�Æg��ü?
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)) Gnedenko and Kolmogorov(1956)
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1. �ÆïÄÚ¢y©Û 1.1 �o´�Æº

�o´�Æº

I ��þ2�3,«���iZ§'XeÚ"\ØÃù«iZ�5K§�#N\

3|þw§���±Ø�/3����áp*Ú"ÏLù
*	§\Áãt²x

ùiZ�5K´�o§rÚ�5K´�o"

I 8có§·��kÏLêÆ/ª�ínâU
)ù.��ªA5" ......ØÃ

êÆéu\n)ù.5`Ò´�î"�"

I Ï��Æ�¤õ§¤±Òk
��Æ"�¬�ÆÒ´��~f§§Ò´@«Ø´

�Æ��Æ"¦�Ø´�Æ/�¯�§´äk�ÆïÄ�/ª))½ö§Â8
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1. �ÆïÄÚ¢y©Û 1.1 �o´�Æº

�ÆïÄ�Ú½

1. ��{�!�ß�¯K¶

2. ÏLÜ6g�Úên©Û§�����øy��nØb`

£theoretical hypothesis¤¶

3. �ânØb`�O¢yïÄ�Y§/ÏuÜ6g�ÚÚO�{§�

E�nØb`�éA�¢yb�£empirical hypothesis¤¶

4. ÏLêâæ8!�n!ÚOÚOþ©Û§u�¢y£ÚnØ¤b

`§£�¤'%�¯K"
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1. �ÆïÄÚ¢y©Û 1.1 �o´�Æº

�ÆïÄ�5¿¯�

I XJ�'%/´�o0�¯K§�±aLÚ½2§�XJ�£�

/��o0�¯K§K7L�ânØb`�E¢yb�¶

I ¢yïÄ�'�3u�O¢��Y¶

I êâæ8A÷v¯K�'!�LoNÚ��¿v3�¡��¦¶

I 3��þé���¹e§I�^��#�ÚOÚOþ©ÛEâ§X

ÚOÆS!�ë�O�"
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1. �ÆïÄÚ¢y©Û 1.1 �o´�Æº

~µ¤ùk)ú¥�/`��Ò¢�0

Pà�PÁµ

I í�º

I Àúº

I (Ñº

l���Æ�á|5w§ù´�`��Ò¢�"

I Ï�§�«
Pà¢S¦^��¢§Ø´\@�Pà¦^��¢"

I ù�¢�O(/w�\§�
3���Pà¢�¥U
3%¿Ý�z��

¯§\7L$^=
^�"
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1. �ÆïÄÚ¢y©Û 1.2 ¢y©Ûl"b�m©

¢y©Ûl"b�m©

I "b�£Null hypothesis¤Ò´Ã�É½Ã'�ã§§Q´ïÄ�å:�

´�½�ÄO§~Xµ

I AÚBvk�O¶

I AéBvkK�¶

I =¦3^�Ae§BéC�vkK�"

I "b�Ò�/Ã�í½0§�kJø¿©�yââUy²��<k�§Ä

KÒ�U�É§"�ÆïÄ�4<��&��(Ø§��Jø¿©�yâ

áý"b�"

I �o´Ð�¢yb�º

I ±�ãé�/ªLãb½Cþm�'X

I �Nb�ïá�nØÚÅ�

I {á!�¥�:!�u�
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1. �ÆïÄÚ¢y©Û 1.2 ¢y©Ûl"b�m©

~µ�o´Ð�¢yb�º

320 V��§ÚOÆ[ K. ��ÖÚÙ¦ÆöM�
5)ÔÚ

O6£Biometrika¤§¦���ïÄ�)µ

I Â8)Ô��êâ§u���©�¸K�)Ô?z�b`¶

I ©Ûl.�/Â8��g�<��g�<�<Nÿþêâ§��

�Ñ�(Ø´µB{�«xnØX{´�`l�§��Òvkg�

«x£Jewish race¤½æ|S«x£Aryan race¤@£¯"

I ée³�4¬�<aÆÿþ�éî³<�ÿþ(JkX�Ó�©

Ù§âdí�
,
e³<'u�4¬Ø´<a�äó"

)) i�dË�§5å¬Õ�6
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1. �ÆïÄÚ¢y©Û 1.2 ¢y©Ûl"b�m©

5OþÚOÆ6l��¯Km©...
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2. VÇÚOÄ: 2.1 �o´VÇº

�;V.�AÛV.

I �;V.µ£1¤���m Ω = {ω1, ω2, ...ωN} �kk����:¶£2¤

z���:Ñy��U5�Ó"±��f�~§�Ñ,�½,A�:ê�

�Å¯� A Ñy�VÇµ

P (A) =
A¥���:ê

Ω¥���:ê

I AÛV.µ£1¤���m Ω ¥kÃ����:¶£2¤z���:Ñy�

�U5�Ó"~X Ω = [0, 1]§A = [0, 0.2]§K A Ñy�VÇµ

P (A) =
A¥�ã��Ý

Ω¥�ã��Ý
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2. VÇÚOÄ: 2.1 �o´VÇº

VÇ�únz½Â

�â��#xâÅ£Kolmogorov§1933¤§e¼ê P : F → [0, 1] ÷vµ

I �K5 P (A) ≥ 0¶

I 5�5 P (Ω) = 1¶

I ���\5§=XJ Ai ∈ F � AiAj = ∅, (i 6= j)

K¡ P ��ÿ�m (Ω,F ) þ���VÇÿÝ£probability measure¤§{¡VÇ"

Sourceµ“Probability measure” on Wiki.
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http://en.wikipedia.org/wiki/Probability_measure


2. VÇÚOÄ: 2.1 �o´VÇº

^�VÇ�n��úª

(Ω,F , P ) �VÇ�m§A,B ∈ F§� P (B) > 0§½Â P (A|B) �¯�

B u)e¯� A u)�^�VÇ£conditional probability¤µ

P (A|B) =
P (AB)

P (B)

I ¦{úªµP (AB) = P (B)P (A|B)

I �VÇúªµe {Bi, 1 ≤ i ≤ N} ����m Ω ���©)§Kµ

P (A) =
N∑
i=1

P (Bi)P (A|Bi)

I ��d½n£Bayes’ theorem¤µ

P (A|B) =
P (A)P (B|A)

P (B)
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2. VÇÚOÄ: 2.1 �o´VÇº

~µÀ�7Þ�n����¦²V<

k�U§� n�����¦²V<ÌÄ�\u5�°1�]Õ§

ß³
,��¦ò��Þ�S4�E"�±��§ù n����¦²

V<�ýóA�
§ù|�¦ý�Þ
"1�±\qÂ��Ï1�]

Õ"ù�g§ù ²V<@�,��¦¬O§(Jù|�¦ý�O
"

10±L�
§ù° ��1�]ÕzÏÑk#ýÿ§�¦��ÑA�


"

111±§\¬4ù n����¦²V<�\�Ý]íº
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�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£18ù¤ 14 / 37



2. VÇÚOÄ: 2.1 �o´VÇº

~µ\��Ø´�Ý©fíº

bXk�U§\uy�Ø�¶iÑy3òÌuÙ�/�Ý©fv¦

<0�¶üþ§�\ú�òÌ�2·�rkXe©Ùµ

Ñy3¶ü¥ vkÑy3¶ü¥

´�Ý©f 10 9,990

Ø´�Ý©f 99,990 199,890,010

\ú�\��Ø´�Ý©fíº

)) J. MÔË�§5 <êÆµ�êâ��êÆg��åþ6
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2. VÇÚOÄ: 2.1 �o´VÇº

~µ911´�ÝQÂíº

·�^ C1, C2 L«1�gÚ1�g�ÅEÂ§T, NT L«�ÝQ

ÂÚ¿	¯�§u)VÇXeµ

VÇ ¹Â

P (T ) 0.005% {I;É�ÝQÂ�k�VÇ

P (C1|T ) = P (C2|T ) 1 �Ý©ffÅEþ
n¥%�¢

P (C1|NT ) = P (C2|NT ) 0.008% �Å¿	Eþ
n¥%�¢

�O�31�gÚ1�g�ÅEÂn¥%�¢��§{I;É�

ÝQÂ���VÇ©O�õ�º

)) N. Ü�6§5&Ò�D(6
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2. VÇÚOÄ: 2.1 �o´VÇº

~µ5g=��º

ü�������§�Ò�k30�YJ0Ú10�|�å0§�Ò�kYJ

0Ú|�å0�20�"y3�ÅÀJ���§l¥¹Ñ��0§uy´YJ

0"�¯ù�YJ05g�Ò��VÇkõ�º

]�5µ_�¸§/��díä9Ùpé�A^£�¤µ½n{00
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http://www.ruanyifeng.com/blog/2011/08/bayesian_inference_part_one.html


2. VÇÚOÄ: 2.2 �ÅCþ�êiA�

�ÅCþ

(Ω,F , P ) ���VÇ�m§e½Â3���mþ�¢�¼ê

X : Ω→ R ÷v ∀x ∈ R kµ

{ω : X (ω) ≤ x} ∈ F

K¡ X � (Ω,F , P ) þ��ÅCþ"

I lÑ.�ÅCþµ��©Ù£Ëã|©Ù¤!Ñt©Ù�

I ëY.�ÅCþµþ!©Ù!��©Ù£pd©Ù¤!�ê©Ù§±9t!

F!χ2 ©Ù�
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2. VÇÚOÄ: 2.2 �ÅCþ�êiA�

�ÅCþ�\È©ÙÚVÇ�Ý¼ê

I X ´VÇ�m (Ω,F , P ) þ��ÅCþ§eéu ∀x ∈ R �3µ

F (x) = P (X ≤ x)

¡ F : R→ [0, 1] �\È©Ù¼ê£cumulative distribution function§

cdf¤"

I éëY�ÅCþ X§XJØk��:	�3µ

f (x) =
dF

dx
,

∫ x

−∞
f (u) du = P (X ≤ x) = F (x)

¡ f : R→ [0,∞) �VÇ�Ý¼ê£probability density function§pdf¤"

I éulÑ�ÅCþ X ∈ {xi}Ni=1§¡ p (xi) = P (X = xi) �ªÇ¼ê

£frequency function¤½©ÙÆ"
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2. VÇÚOÄ: 2.2 �ÅCþ�êiA�

��©Ù x ∼ N(µ, σ2)

f (x) =
1

σ
√

2π
e
−(x−µ)2

2σ2 , F (x) =
1

σ
√

2π

∫ x

−∞
e−

(t−µ)2

2σ2 dt

ã¡5µWikiz����©Ù�VÇ�Ý£�¤Ú\È©Ù£m¤¼ê"
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https://en.wikipedia.org/wiki/Normal_distribution


2. VÇÚOÄ: 2.2 �ÅCþ�êiA�

�ÅCþ�êiA�µêÆÏ"ÚÝ

I éu R þ�¼ê g (x) Ú\È©Ù¼ê F (x) §½Â g (x) �êÆÏ"

£mathematical expectation¤�µ

E [g (x)] =

∫ ∞
−∞

g (x)dF (x)

I é?¿ k, l ∈ {1, 2...}§½Â�ÅCþ�Ý£moment¤µ

I e E
(
xk
)
�3§¡�� X � k ��:Ý§þ� E (x) ����:Ý¶

I e E
[
(x− E (x))k

]
�3§¡�� X � k �¥%Ý§�� V ar (x) ���

¥%Ý¶

I e E
[
(x− E (x))k (y − E (y))l

]
�3§¡�� X Ú Y � k + l �·Ü¥

%Ý§��� Cov (x, y) ´��·Ü¥%Ý"
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2. VÇÚOÄ: 2.2 �ÅCþ�êiA�

�ÅCþ�êiA�µ^�êÆÏ"��5ÝK

I �ÅCþ X Ú Y§XJ
∫∞
−∞ ydF (y|x) �3§K¡�� Y 'u X = x �^�

êÆÏ"£conditional expectation¤µ

E (y|x) =

∫ ∞
−∞

ydF (y|x)

I �½Ý
 X§·��é�²¡ span (X) ¥

Ú y �ål�á��þ ŷ§¦ ε = y − ŷ �
�Ý ‖ε‖ �á"·�¡ ŷ = Xβ � y 3

span (X) þ��5ÝK£projection¤"�

Ò´`µ

y = Xβ + ε⇒ ŷ = E(y|X) = Xβ
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2. VÇÚOÄ: 2.2 �ÅCþ�êiA�

~µ��©Ù N(µ, σ2) �êiA�

I þ�£mean¤µµ§�u¥ êÚ¯ê

I ��£variance¤µσ2

I  Ý£skewness¤µS = 0

I ¸Ý£kurtosis¤µK = 3

ã¡5µWikiz�"
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https://en.wikipedia.org/wiki/Normal_distribution


2. VÇÚOÄ: 2.3 �ê½ÆÚ¥%4�½n

�ê½Æ

ïÄ3�o^�e§�ÅCþ�þ�Âñ���~ê"

I ½Â�ÅS� {ξn} �VÇÂñu a µ�3~ê a§∀ε > 0§k

lim
n→∞

P (|ξn − a| < ε) = 1"

I ���Å½nµ��ÅCþS� {xi} Õá©Ù§���k�
V ar (xi) = σ2

i <∞ �§c n ��â²þ x̄n �VÇÂñ�ÙêÆÏ"�

þ� µµ

x̄n
p→µ Ù¥µx̄n =

1

n

n∑
i=1

xi, µ =
1

n

n∑
i=1

E (xi)
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2. VÇÚOÄ: 2.3 �ê½ÆÚ¥%4�½n

¥%4�½n

ïÄ3�o^�e§�ÅCþ�Ú�©ÙÂñ���©Ù"

I b½�ÅCþS� {xi} Õá©Ù§���k� V ar (xi) = σ2
i <∞ �§

½Â�ÅCþµ

x̃n =
1

Sn

n∑
i=1

[xi − E (xi)], Sn =

√√√√ n∑
i=1

σ2
i

I oäÊìÅ½nµ� n→∞ �§þã�ÅCþ x̃n �©ÙÂñ�IO�

�©Ùµ

lim
n→∞

Fn (x) = lim
n→∞

P (x̃n ≤ x) = Φ (x) =
1

2π

∫ x

−∞
e−t

2/2dt

P� Fn (x)
w→Φ (x)§d�¡ x̃n �©ÙÂñ£fÂñ¤uIO���Å

Cþ x̃n
d→x"
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3. ÚOíä 3.1 �o´ÚOÆº

ÚOÆ

ÚOÆ£statistics¤´£ã�X��^u£ã!)ºÚ©Û]�½

êâ�óäÚEâ"

I £ã£descriptive¤ÚOµ£ã��£sample¤êâ�A�¶

I íä£inferential¤ÚOµÄu��êâíäoN£population¤ê

â�A�"
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3. ÚOíä 3.2 ���ÚOþ

���ÚOþ

I {xi}Ni=1 ´�ÅCþ X � N �ÕáÄ����§�oNÝ�éA�ÚOþ

£statistic¤½ÂXeµ

oNþ� µ = E (x) ��þ� x̄ = 1
N

∑N
i=1 xi

oN�� σ2 = V ar (x) ���� s2 = 1
N−1

∑N
i=1 (xi − x̄)2

oN k ��:Ý E
(
xk
)

�� k ��:Ý Ak = 1
N

∑N
i=1 x

k
i

oN k �¥%Ý E
(
(x− µ)k

)
�� k �¥%Ý Mk = 1

N

∑N
i=1 (xi − x̄)k

I 5¿µ

I ÚOþ´���¼ê§��ØÓÚOþ�ØÓ§ÏdÚOþ���´���

ÅCþ¶

I ÚOþ�©Ù¡�Ä�©Ù£sample distribution¤§§��ÅCþ X ¤

Ñl�oN©Ù£population distribution§F (x)¤´ü�ØÓ�Vg"'

X�â¥%4�½n§ØØ X Ñl=«©Ù§3�½^�e§��þ� x̄

ÑòìCÑl��©Ù N
(
µ, σ2/N

)
"
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3. ÚOíä 3.2 ���ÚOþ

~^ÚOþ

I 8¥5�Iµ

þ� x̄ = xmean = E(x)!¥ ê xmed Ú¯ê xmode

I CÉ5�Iµ

4�σext = max(x)−min(x)!�� σ2 = V ar(x) = E(x− x̄)2 ÚI

O� σ = sd(x)

I �'5�Iµ

I ���£covariance¤µCov(x, y) = E(x− x̄)E(y − ȳ)

I �'Xê£correlatin coefficient¤µCor(x, y) = Cov(x,y)
sd(x)sd(y)

�%� (E��Æ²LÆ�) ²L)¹¥�êÆ£18ù¤ 28 / 37



3. ÚOíä 3.2 ���ÚOþ

�'Xê�AÛ)º

I �þ x, y ��'Xê£correlation coefficient¤�üö�mY��'X�µ

ρ = Cor (x, y) = x·y
‖x‖‖y‖ = cos (θ)

üöÕá� ρ = 0⇔ x⊥y"

I b½ x Ú y Ñl��©Ù§� ρ = 0 Ú ρ > 0 �§kµ

ã¡5µhttp://www.cnblogs.com/vamei/p/3416138.html
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http://www.cnblogs.com/vamei/p/3416138.html


3. ÚOíä 3.2 ���ÚOþ

~µ©ÛN�êâ

��âe¡�N�êâ§O��pÚN�þ�!��Ú�'X

ê"

160cm 170cm 180cm

60kg 0.2 0.05 0.05

70kg 0.05 0.3 0.05

80kg 0.05 0.05 0.2
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3. ÚOíä 3.3 b�u�

b�u�

I ½Âµ�â���ä'uoN©Ù X*F (x) �b�´Ä�("

I ©aµ

I ëêu�µ�½oN©Ù�a.§u�é©Ùëê�b½´Ä�(

H0 : θ ∈ Θ

I ©Ùu�µu�éoN©Ùa.�b½´Ä�(

H0 : X*F (x)
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3. ÚOíä 3.3 b�u�

b�u��üa�Ø

I 1�a�Ø£ïý¤µα = P (Ä½H0|H0�()!�1�a�Ø�VÇ p = 1− α

I 1�a�Ø£��¤µβ = P
(
�ÉH0|H0�Ø

)
!u��³ π = 1− β

]�5µN.J. i�7�Í§5OþÚOÆ6§¤  È§��ÆÑ��§2008
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3. ÚOíä 3.3 b�u�

~µÑt©Ù�{IlÂY

1982c�2012c§{I�u)62å£�5�¤lÂY"Ù¥§2012cu)
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http://www.ruanyifeng.com/blog/2013/01/poisson_distribution.html


4. ²LA^ 4.1 ð��x
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4. ²LA^ 4.1 ð��x
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4. ²LA^ 4.1 ð��x
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4. ²LA^ 4.2 ]�ÂÃÇ

]�ÂÃÇ�ÚOA�

rt = µ+ ρrt−1 + εt

E(rt) = µ
1−ρ , V ar(rt) =

σ2
ε

1−ρ2

�â Fan and Yao(2015) ]�ÂÃÇ�;

.A��)µ

I ²5(stationarity)µk½�þ�Úk����

I þ�5(heavy tails)µ¸Ý K̂ > 3§���©Ù�'¥yÑk¸þ��A�§`

²Ñy�ÞÚ�O�VÇ�u��©Ù"

I �é¡5(asymmetry)µ©Ù�3K £negatively skewed¤§`²½|eO'þ

Þ�§Ý�"

I \opd5(aggregational Gaussianity)µ��mªÝþ,�§�A�ÂÃÇ¬ª

���©Ù§XcÂÃÇ��ÂÃÇÚFÂÃÇ�'§��Cu��©Ù"
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