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Much of the field of mathematical economics is presented in the chapters in this
Handbook. Indeed, while the field of “mathematical economics” could be
defined, as in the Preface, as one that “includes various applications of mathe-
matical concepts and techniques to economics, particularly economic theory”,
an alternative approach to defining the field would be to enumerate all its parts.
Pragmatically, our definition of the field in this sense is provided by the Table of
Contents of the Handbook. We recognize, however, that this definition is not
truly complete; considerations of space limitations and priorities have caused
the omission of some very active fields of mathematical economics.

A historical perspective will provide the reader with a sharper sense of the
background of and interrelationships among the various chapters, We conclude
with a list of eleven important developments in mathematical economics over
the period since 1961.

This introduction divides the history of mathematical economics into three
broad and somewhat overlapping periods: the calculus-based marginalist period
(1838-1947), the set-theoretic /linear models period (1948-1960), and the cur-
rent period of integration (1961-present). These dates are only suggestive.
Calculus-based marginalist analysis has never ceased; the set-theoretic/linear
models analysis was begun by 1933 and still continues to be significant.

1. The calculus-based marginalist period: 1838—1947

The early period of mathematical economics was one in which economics
borrowed methodologies from the physical sciences and related mathematics to
develop a formal theory based largely on calculus. By assuming sufficiently
smooth functions (e.g., utility and production functions) and maximizing be-
havior, a reasonably complete theory of the behavior of microeconomic agents
and of general equilibrium was developed. The basic mathematical tool was the
calculus, particularly the use of total and partial derivatives and Lagrange

*We are indebted to several of the Handbook authors, but especially to Lionel McKenzie for
useful suggestions.
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multipliers to characterize maxima. The mathematical foundations of the mod-
ern theories of the consumer, the producer, oligopoly, and general equilibrium
were developed in this period.

A seminal work, which may be treated as the starting point of mathematical
economics,! was Cournot (1838). Cournot’s contributions may be sorted under
two general headings: theory of the firm and the interaction of firms and
consumers in single markets. As to the theory of the firm, Cournot’s basic
hypothesis was that firms choose output levels to maximize profits. He studied
and rigorously defined both the cases of perfect competition and of monopoly.
As to the interaction of firms and consumers in single markets, Cournot
developed both the equating of supply and demand in (single) competitive
markets and the problem of oligopoly, where sellers” competition is limited. The
“Cournot solution™ to oligopoly is still a standard approach, and a suitable
generalization plays an important role in the development of game theory. In the
Handbook, oligopoly theory is developed in Chapter 11 by Friedman, while
game theory is discussed in Chapter 7 by Shubik.

Theory of the firm: Cournot’s profit-maximizing hypothesis was extended pri-
marily through the development of the production function concept in the last
quarter of the nineteenth century, so that a full theory dealing with demands for
inputs as well as supply of output appeared. The development was shared by
many authors, such as Walras (1874) [but the production function and the
marginal productivity theory did not appear until the third edition (1896)],
Wicksteed (1894), Wicksell (1893), and J. B. Clark (1889). Hotelling (1932) gave
perhaps the first fully coherent account. In the Handbook, the theory of the firm
is surveyed in Chapter 10 by Nadiri.

Theory of the consumer: The development of the theory of consumer demand
from maximization of a utility function under a budget constraint was first
begun by Gossen (1854), Jevons (1871), and Walras (1874) and elaborated by
Marshall (1890). A full deduction of the properties of utility-maximizing demand
functions was achieved by Sluisky (1915) and further studied by Hicks and
Allen (1934), Hotelling (1935), Georgescu-Roegen (1936), and Wold (194344,
1953). The foundations of utility were deepened in several ways: the replace-
ment of cardinal utility by ordinal was due to Fisher (1892) and Pareto (1909);
axiomatizations of cardinal utility were due to Frisch (1926, 1932) and Alt
(1936); and the revealed preference approach was initiated by Samuelson (1938),
and further developed by Houthakker (1950) and Uzawa (1960). Chapter 9 of
the Handbook, by Barten and Bohm, surveys the theory of consumer demand.

"There are always predecessors. For a study of the prehistory of mathematical economics, see
Theocharis (1961).
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General equilibrium: The fundamental concept that markets are interrelated
and therefore the equilibrium of the economy is characterized by simultaneous
equality of supply and demand on all markets is due to Walras (1874). The
concept was further developed and expounded by Pareto (1896, 1909). The case
that an equilibrium exists was made plausible by showing that the number of
equations equalled the number of unknowns [see also Marshall (1890)]. The
optimality of the competitive equilibrium was argued by both Walras and
Pareto.

Stability of equilibrium: In the case of equilibrium on a single market, the
conditions for stability had been discussed by Cournot (1838) and Marshall
(1890). The question of stability of general equilibrium was discussed extensively
in Walras (1874), though not very rigorously. The first discussions from a
rigorous viewpoint appeared in Hicks (1939a), and Samuelson (1941). Important
later papers on stability included Arrow and Hurwicz (1958), Hahn (1958),
(1962), Arrow, Block and Hurwicz (1959), Uzawa (1961, 1962), and Hahn and
Negishi (1962), building not only on Hicks and Samuelson but also on Mosak
(1944) and Metzler (1945). In the Handbook, stability is treated in Chapter 16
by Hahn.

Optimal resource allocation: The first systematic calculation of benefits and
costs, essentidlly using the modern concepts of consumers’ and producers’
surplus, was due to Dupuit (1844). A clear definition of optimality in the
presence of many individuals was given by Pareto (1909). The characterization
of optimal and sub-optimal states became known as the field of welfare
economics; a synthesis of all earlier work was achieved by Hotelling (1938),
Bergson (1938), and Hicks (1939b, 1941).

The particular problems of optimization over time were first studied by
Ramsey (1928) and, with special reference to exhaustible resources, by Hotelling
(1931). The problem of optimization when the range of possible taxes is limited
was first studied by Ramsey (1927). None of these papers had much immediate
impact but led to very considerable amounts of research in the postwar period.

Generalized bargaining: FEdgeworth (1881) first studied the outcomes of an
economy in which all kinds of commodity bargains could be made, not merely
those possible in a price system. The set of possible outcomes was called the
contract curve. A generalized version of this concept, known as the core, has
been further developed in game theory in general and specifically with reference
to economic systems; see Chapter 18 of this Handbook, by Hildenbrand.

The culmination of the calculus-based marginalist school, which combined
many previous results with newer developments, is found in two classic books
which continue to be highly influential: Hicks (1946) and Samuelson (1947).
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Each both summarized received theory and developed newer concepts. One new
concept in Hicks (1946) was that of temporary equilibrium, which was devel-
oped extensively later; in the Handbook, it is the subject of Chapter 19, by
Grandmont. Samuelson (1947) incorporated the work on revealed preference
and on stability previously referred to.

2. The set-theoretic/linear models period: 1948-1960

The set-theoretic/linear models period was primarily a post-World War 11
phenomenon in which the earlier calculus basis for mathematical economics was
replaced by a set-theoretic basis and by linear models. Using set theory meant
greater generality in that the classical assumption of smooth functions could be
replaced by more general functions. Using linear models also meant treatment
of phenomena that could not be represented by smooth functions e.g. vertices of
polyhedral figures. The basic mathematical tools of the set-theoretic approach,
including mathematical analysis, convexity, and elements of topology, are sum-
marized in the Handbook in Chapter 1 by Green and Heller.

The new approach had already been set forth in the context of economic
growth in an important paper of von Neumann (1937), of which the methodol-
ogy was even more important than the context. Another work that played an
important role in developing the set-theoretic approach was Arrow (1951a). This
book was concerned with the axiomatization of social choice theory, but in the
process of doing so, it used set-theoretic techniques, which provided a frame-
work for studying the problems of general equilibrium theory. In the Handbook,
social choice theory is developed in Chapter 22 by Sen, while mathematical
approaches to competitive equilibrium are treated in Part 3, Chapters 15-21.

Two highly influential papers in the development of the theory of general
equilibrium were Wald (1933-34) and Arrow and Debreu (1954). Wald (1933--34,
1936) provided the first rigorous analysis of general equilibrium, building upon
earlier developments of Zeuthen (1932), Neisser (1932), von Stackelberg (1933),
and Schlesinger (1933-34). Arrow and Debreu (1954) and, independently,
McKenzie (1954) made extensive use of set-theoretic approaches in formulating
the problem of the existence of a competitive equilibrium and proving existence
under appropriate conditions.

The existence problem was further analyzed in McKenzie (1955, 1959, 1961),
Gale (1955), Nikaidd (1956), and Debreu (1962). An important tool in this
analysis was the Kakutani fixed point theorem, in Kakutani (1941) — a
generalization of the Brouwer fixed point theorem.

The optimality of competitive equilibrium (welfare economics) was restudied
by set-theoretic and convex-set methods by Arrow (1951b), and Debreu (1951,
1954a). The subject of welfare economics is treated in the Handbook in Part 4,
Chapters 22-26.
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In the theory of the consumer, further axiomatic developments in the utility
function, especially in relation to the ordinalist hypothesis were presented in
Debreu (1954, 1964) and Rader (1963). This subject is included in the develop-
ment of consumer theory by Barten and Bohm in Chapter 9. There was also an
axiomatization of utility theory for choice among uncertain options. The early
paper of Ramsey (1926) was neglected, and the influential contributors were von
Neumann and Morgenstern (1947), Marschak (1950), and Herstein and Milnor
(1953). Ramsey (1926) had also axiomatized the related concept of subjective
probability; this was subsequently developed, largely independently of Ramsey’s
work, by Savage (1954), building upon the earlier work of de Finetti (1937).

In many respects the applications in this period of set-theoretic concepts to
the theory of economic equilibrium culminated in Debreu (1959), a classic book
which has been extremely influential and one which has played a role relative to
the modern set-theoretic period comparable to that played by Hicks (1946) and
Samuelson (1947) relative to the classical calculus-based period. As in the case
of the earlier books, Debreu (1959) both summarized the state of the theory and
developed extensions, in particular to equilibrium under -uncertainty, building
upon Arrow (1953). The topic of equilibrium under uncertainty is treated in the
Handbook in Chapter 20 by Radner. A book which summarized later develop-
ments in applying both set-theoretic and calculus-based concepts to the theory
of economic equilibrium was Arrow and Hahn (1971). _

This period from 1948 to 1960 was also one that witnessed the development of
linear models, with many areas of application and related developments. Essen-
tially systems of linear equations and systems of linear inequalities replaced the
use of partial derivatives of the calculus-based marginalist period. The input—
output model, a linear model of interindustry relations, had been developed
both before and during this period in Leontief (1941, 1966). The related activity
analysis model of production was developed in Koopmans, ed. (1951),
Morgenstern, ed. (1954), Koopmans (1957), and, in the Soviet Union, by
Kantorovich (1942, 1959). The von Neumann multisector growth model (1937)
was the subject of attention in this period, in particular, in Kemeny, Morgen-
stern, and Thompson (1956), and Gale (1956). This model has played an
important role in both general equilibrium theory and growth theory.

Linear programming was developed in this period, stemming from the work of
Dantzig (1949, 1951, 1963), although there had been earlier results on systems of
linear inequalities. This approach culminated in Dorfman, Samuelson and Solow
(1958) and Gale (1960). These books treated not only linear programming, but
also linear models of general equilibrium and linear growth models. Of funda-
mental importance was the development during this period of a related model of
capital accumulation in Malinvaud (1953). Dorfman, Samuelson and Solow
(1958) presented the initial formulation of the turnpike theorem, which was later
proved in Radner (1961), Morishima (1961, 1964), McKenzie (1963), and Nikaido
(1964). In the Handbook, linear programming is treated in Chapter 2 by
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Intriligator, and the theory of growth and turnpike theorems is treated in
Chapter 26 by McKenzie.

Game theory was also in the process of development in this period, based, in
part, on the analysis of linear models. Its origins dated back to von Neumann
(1928) but the fundamental developments appeared in von Neumann and
Morgenstern (1947) and Nash (1950). The developments of game theory over
this period are summarized in Luce and Raiffa (1957). Game theory is treated in
the Handbook in Chapter 7 by Shubik.

3. The current period of integration: 1961—present

The current period is one of integration, in which modern mathematical eco-
nomics combines elements of calculus, set theory, and linear models. It is also a
period in which mathematical ideas have been extended to virtually all areas of
economics. There are many topics in mathematical economics under develop-
ment in the current period, which has been and continues to be an extremely
fruitful one for mathematical economics. This section presents eleven important
topics under development in this period from 1961 to the late 1970’s.

(1) Uncertainty and information:*> Included are the theory of risk aversion, as
developed in Pratt (1964) and in Arrow (1970); equilibrium under uncertainty,
in Diamond (1967) and Radner (1968); microeconomic applications, in McCall
(1971); insurance, in Borch (1968); search behavior, in Rothschild (1974) and
Lucas and Prescott (1974); and market signalling, in Spence (1974). In the
Handbook the economics of uncertainty is treated in Chapter 6 by Lippman and
McCall, information is treated in Chapter 23 by Arrow, the microeconomic
theory of investment under uncertainty is treated in Chapter 13 by Merton, and
equilibrium under uncertainty is treated in Chapter 20 by Radner.

(2) Global analysis: Mathematical methods which combine calculus and topol-
ogy are used to study properties of economic equilibria and their variation with
respect to changes in the underlying economy. Debreu (1970) pioneered with a
study of the conditions under which there are only a finite set of equilibria. In
the Handbook, the mathematics of global analysis is the subject of Chapter 8, by
Smale, while the applications tc economics are surveyed in Chapter 17 by
Dierker.

2While the analysis of uncertainty is based on the theory of probability and statistics, this analysis
should not be confused with econometrics, which refers rather to the inductive study of empirical
data by statistical methods in order 1o estimate economics relationships and to test economic
hypotheses, as opposed to the deductive study of formal theories in mathematical economics.
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(3) Duality theory: This is an approach to many aspects of economic theory
that combines set-theoretic and calculus techniques. Important works in this
area include Hotelling (1932, 1935), Roy (1947), McKenzie (1956—57), Shephard
(1953, 1970), Samuelson (1953—-54), Uzawa (1964a), Chipman (1966), Diewert
(1974), and Fuss and McFadden, eds. (1978). In the Handbook, Chapter 12, by
Diewert, discusses duality approaches to microeconomic theory.

(4) Aggregate demand functions: The theory of the consumer shows that de-
mand functions of utility-maximizing individuals must satisfy some restrictive
conditions. To what extent, if any, are these or similar conditions necessarily
true of aggregate demand functions? Sonnenschein (1973) first gave arguments
suggesting that aggregated demand functions are not restricted by the condition
that the individual demand functions arise from utility maximization. Subse-
quent important papers are those of Mantel (1974) and Debreu (1974). This
topic is discussed in the Handbook in Chapter 14 by Shafer and Sonnenschein.

(5) Core of economy and markets with a continuum of traders: The intuitive
concept of a “large” number of traders basic to the hypothesis of perfect
competition has been formalized in recent work as either a limit as the number of
traders goes to infinity or as a continuum of traders. In large economies, as
Edgeworth (1881) had already stated, the core (or contract curve) tends to
coincide with the set of competitive equilibria. This theory combines elements of
game theory, general equilibrium theory, and measure theory. This analysis was
developed in Shubik (1959), Scarf (1962), Debreu and Scarf (1962), Aumann
(1964, 1966), Vind (1964, 1965), and in Hildenbrand (1968, 1970a, 1970b). The
core of an economy 1s treated in the Handbook in Chapter 18 by Hildenbrand.
Measure theory is the subject of Chapter 5 by Kirman.

(6) Temporary equilibrium: The concept of temporary equilibrium was intro-
duced by Hicks (1939). In such an equilibrium trade takes place sequentially,
with each agent forecasting his or her future endowments on the basis of current
and past states of the economy. The equilibrium can involve all prices moving
fast enough to clear all markets or, alternatively, allow for quantity rationing.
This subject is treated in the Handbook in Chapter 19 by Grandmont.

(7) Computation of equilibrium prices: This 1s a particular case of the computa-
tion of fixed points of mappings in which the fixed point is interpreted as an
equilibrium price vector, the implied allocation being a feasible one that clears
all markets. The major work in this area is Scarf (1967, 1973). This topic is
covered in the Handbook in Chapter 21 by Scarf.

(8) Social choice theory: Social choice theory is concerned with the aggregation
of individual preferences into social choices. The modern literature on this
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subject stems largely from Arrow (1951a), a book that developed the framework
for analyzing this problem and that introduced the possibility and impossibility
theorems. According to the possibility theorem majority rule satisfies certain
axioms of social choice when there are only two alternatives for the society.
According to the impossibility theorem, if there are three or more alternatives
for the society then no system of aggregation, including majority rule, can satisfy
the axioms of social choice. Much of the literature on this subject up to the
1960’s is treated in Sen (1970). Social choice is discussed in the Handbook in
Chapter 22 by Sen.

(9) Optimal taxation: Early work in this area included that of Ramsey (1927)
and Hotelling (1938), while important recent articles include Boiteux (1956),
Mirrlees (1971), and Diamond and Mirrlees (1971). This topic is treated in the
Handbook in Chapter 24 by Mirrlees, dealing with optimal taxation as an
element of normative second-best theory. Chapter 25, by Sheshinski, discusses
positive second-best theory.

(10) Optimal growth theory: This area has been developed in Samuelson and
Solow (1956), Samuelson (1965), Uzawa (1964b), Koopmans (1965, 1967), Cass
(1965, 1966), von Weizsiacker (1965), Gale (1967), Shell, ed. (1967), and Cass and
Shell, eds. (1976). In fact, the problem was initially formulated as the problem of
optimal savings in an article that was decades ahead of its time, that of Ramsey
(1928). The problem was then addressed using more modern tools of analysis
and combining this theory with that of multisector growth models in the 1960’s.
Growth theory and turnpike theorems are treated in the Handbook in Chapter
26 by McKenzie. The mathematical basis of optimal growth theory includes the
theory of dynamical systems, as discussed in Chapter 3 by Varian, and control
theory, as discussed in Chapter 4 by Kendrick.

(11) Organization theory: 'This area includes team theory, decentralization, the
problem of incentives, and planning. Important earlier works in this area include
Simon/ (1957), Hurwicz (1960), and Marschak and Radner (1972). This topic is
represented in the Handbook in Chapter 27 by Marschak, Chapter 28 by
Hurwicz, and Chapter 29 by Heal.

By way of summary, eleven important topics in mathematical economics since
1961 have been:

Uncertainty and information (Chapters 6, 13, 20, 23)
Global analysis (Chapters 8, 17)

Duality theory (Chapter 12)

Aggregate demand functions (Chapter 14)

el
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5. Core of an economy and markets with a continuum of traders (Chapters 5, 7,
18)

Temporary equilibrium (Chapter 19)

Computation of equilibrium prices (Chapter 21)

Social choice theory (Chapter 22)

Optimal taxation (Chapters 24, 25)

10. Optimal growth theory (Chapters 3, 4, 26)

11. Organization theory (Chapters 27, 28, 29)

e
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